Abstract. The Hausdorff-Alexandroff Theorem states that any compact metric space is the continuous image of Cantor's ternary set C. It is well known that there are compact Hausdorff spaces of cardinality equal to that of C that are not continuous images of Cantor's ternary set. On the other hand, every compact countably infinite Hausdorff space is a continuous image of C. Here we present a compact countably infinite non-Hausdorff space which is not the continuous image of Cantor's ternary set.
Introduction.
One of the simplest sets that is widely studied by and most important to many mathematicians, in particular analysts and topologists, is Cantor's ternary set (also referred to as the middle third Cantor set), introduced by H. Smith [7] and by G. Cantor [2] . Cantor's ternary set is generated by the simple recipe of dividing the unit interval [0, 1] into three parts, removing the open middle interval, and then continuing the process so that at each stage, each remaining subinterval is similarly subdivided into three and the middle open interval removed. Continuing this process ad infinitum one obtains a non-empty set consisting of an infinite number of points. We now formally define Cantor's ternary set in arithmetic terms. Definition 1.1. Cantor's ternary set is defined to be the set
Throughout, C will denote Cantor's ternary set equipped with the subspace topology induced by the Euclidean metric. Below we list some of the remarkable properties of Cantor's ternary set. For a proof of Property (1), more commonly known as the HausdorffAlexandroff Theorem, we refer the reader to [8, Theorem 30.7] . Both F. Hausdorff [4] and P. S. Alexandroff [1] published proofs of this result in 1927. For Properties (2) to (8), we refer the reader to [3] or [6, Counterexample 29] ; for a proof of Properties (9) and (10), the definition of the Lebesgue measure, Hausdorff dimension and that of a self-similar set, we refer the reader to [3] . For basic definitions of topological concepts see [5] or [8] .
(1) Any compact metric space is the continuous image of C.
(2) The set C is totally disconnected. 
The set C is normal. (8) The cardinality of C is equal to that of the continuum.
(9) The one dimensional Lebesgue measure and outer Jordan content of C are both zero. (10) The set C is a self-similar set and has Hausdorff dimension equal to log(2)/ log(3).
In this note we are interested in whether the Hausdorff-Alexandroff Theorem can be strengthened. To avoid any misunderstandings regarding the compactness condition that Obviously the cardinality of a space that is the continuous image of C cannot exceed that of the continuum. This restriction on cardinality is a necessary, but not a sufficient condition because there are compact Hausdorff spaces with cardinality equal to that of the continuum which are not second-countable, for instance the Alexandroff one-point compactification of the discrete topological space (R, P(R)), where P(R) denotes the power set of R.
Restricting the cardinality even further leads to a sufficient condition. If we only look at countably infinite target spaces, we can deduce that for compact countably infinite spaces the Hausdorff property already implies metrizability. In a countably infinite Hausdorff space, every point is a G δ point which together with compactness implies that the space is first-countable [8, Problem 16.A.4] ; since the space is countably infinite it follows that it is also second-countable. Hence, we have a space which is compact Hausdorff and second-countable and so, using the above mentioned equivalence, metrizable. Therefore, any compact countably infinite Hausdorff space is the continuous image of C. Is this strong restriction on the space's cardinality a sufficient condition for the Hausdorff-Alexandroff Theorem, i.e. is every compact countably infinite topological space the continuous image of C? This is precisely the question we address and, in fact, show that the answer is no by exhibiting a counterexample.
Theorem 1.3. There exists a compact countably infinite topological space (T, τ) which is not the continuous image of C.
In order to prove this result we require an auxiliary result, Lemma 2.1. In the proof of this result we rectify an error in [6, Counterexample 99] .
The main idea behind the proof of Theorem 1.3 is to choose a specific non-Hausdorff space and to show that if there exists a continuous map from the Cantor set into this space, then the continuous map must push-forward the Hausdorff property of Cantor's ternary set, which will be a contradiction to how the target space was originally chosen.
2. Proof of Theorem 1.3.
Lemma 2.1. There exists a countable topological space (T, τ) with the following properties: (a) (T, τ) is compact, (b) (T, τ) is non-Hausdorff, and (c) every compact subset of T is closed with respect to τ.
Proof. This proof is based on [6, Counterexample 99]. We define T := (N × N) ∪ {x, y}, namely the Cartesian product of the set of natural numbers N with itself unioned with two distinct arbitrary points x and y. We equip the set T with the topology τ whose base consists of all sets of the form: We use contraposition to prove Property (c). Suppose that E ⊂ T is not closed. Note that we may assume that E is a strict subset of T since T itself is closed by the fact that ∅ ∈ τ. By construction of the topology, a set that is not closed cannot contain both x and y. Also, there needs to be at least one point in the closure E of E, but not already in E; this has to be one of the points x or y, because singletons {(m, n)} which are subsets of the lattice N × N are open. Thus the point (m, n) cannot be a limit point of E. We shall now check both cases, that is, (i) if x ∈ E \ E and (ii) if y ∈ E \ E. 
